Introduction
In 1966, Tverberg [10] showed that any (d + 1)(r − 1) + 1 points in d-dimensional space R d can be partitioned into r blocks whose convex hulls have a non-empty intersection. This result is known as Tverberg's theorem, and it has several proofs, and many generalizations, see Matoušek [8, Sect. 6 .5] for details.
The first colored Tverberg theorem is due to Bárány & Larman [1] ; see Ziegler [13] for a recent account of the story. In 2009, Blagojević, Matschke & Ziegler [2] established an optimal colored Tverberg theorem. Since then, their results have been reproved by themselves [3] , Matoušek, Tancer & Wagner [9] , and Vrećica & Zivaljević [11] . Then the simplex ∆ N has r disjoint rainbow faces F 1 , F 2 , . . . , F r whose images under f have a non-empty intersection:
Here rainbow means that every color occurs at most once. In the following, we focus on the case when f is an affine map. In this case, one can think of the set f (vert(∆ N )) ⊂ R d as N + 1 colored points satisfying the above color condition which can be partitioned into r rainbow partition blocks B 1 , B 2 , . . . , B r , where B i = f (vert(F i )) for all i, such that their convex hulls intersect:
conv(B i ) = ∅. Both Tverberg's theorem, and Theorem 1 settle the existence of one (!) partition. In the uncolored case, Sierksma conjectured that there are at least ((r − 1)!) d partitions based on a particular point configuration; see [8] . This conjecture is open for d ≥ 2. Lower bounds for the number of Tverberg partitions have first been obtained by Vućić &Živaljević [12] when r is prime, and by the author [5] when r is a prime power. Then the first lower bound was shown that holds for r arbitrary in [6] . Up to now, no non-trivial lower bounds have been known in the colored case, not even a good conjecture. This is what we provide here: Lower bounds for the number of colored Tverberg partitions that hold for arbitrary r. We extend our approach from the uncolored case in [6] : We study colored Birch partitions in Theorem 2 which yields the first non-trivial lower bounds in Theorem 3. In Section 4, we discuss minimal point configurations. 
This observation leads to the concept of colored Birch partitions. For this, let p ∈ R d be a point, and k ≥ 1 a natural number. Given a set X of k(d + 1) colored points in R d of d+1 different colors such that each color class C 0 , C 1 , . . . , C d contains exactly k points, we call a partition B 1 , B 2 , . . . , B k a colored Birch partition of X to the point p if each block B i contains exactly d + 1 points, uses every color exactly once, and contains p in its convex hull. Let cBP k (X) be the number of all unordered colored Birch partitions of X to p. Here unordered means that two partitions are regarded as the same if one can be obtained from the other by a permutation of the k partition blocks. The partitions in the previous paragraph are examples of colored Birch partitions to the single point resp. the intersection point. Placing p outside the convex hull of X one gets cBP k (X) = 0. Figure 1 shows an example for d = 2, and k = 4 with cBP k (X) = 2. By definition: cBP k (X) ≤ BP k (X), where BP k (X) is the number of uncolored Birch partitions, see [6] for more information.
Let us formulate our main results. For this, a set of points is in general position of no k + 2 points are on a common k-dimensional affine subspace. 
The condition k ≥ d + 2 in (i) is necessary for d = 2, 3, 4 as there are counterexamples for k = d + 1. Computer experiments for dimensions 2, and 3 show that the lower bounds (iii) and (iv) are tight: For 4 ≤ k ≤ 9 in dimension 2, and for 5 ≤ k ≤ 8 in dimension 3.
In the following, we construct a planar set X such that cBP 3 (X) is odd. In the planar setting, a point configuration can be represented as a colored word of length 3k on the alphabet {+, −}: Choose a line through p. This line hits at most one point from X, and it divides the plane into two half-spaces. Choose one of the two half-spaces. Then sweep the line through p over the chosen half-space counterclockwise. The ray hits all points exactly once, and the sweeping leads to a linear order on the points in X. This determines a colored word of length 3k on the alphabet {+, −} in the following way: Write for every point of X the letter + when the line hits a point in the chosen half-space, and − in the other case. While writing the letters, keep for each letter track of its color. Every possibility of partitioning a colored word of length 3k into k colored subwords of the form +−+, or −+− corresponds one-to-one to a colored Birch partition of X. One can check that the alternating word + − + − + − + − + of length 9 with a cyclic coloring 0, 1, 2, 0, 1, 2, 0, 1, 2 corresponds to a colored point configuration with cBP 3 (X) = 3 being odd. Namely, one partition is {0, 1, 2}, {3, 4, 5}, {6, 7, 8}, where the letters are numbered from left to right.
The other two are {0, 1, 8}, {2, 3, 4}, {5, 6, 7}, and {0, 7, 8}, {1, 2, 3}, {4, 5, 6}. 
It is an easy exercise to show that the lower bound for d = 1 is optimal. In general, the lower bounds might not be optimal as we assumed that there is (1) only one colored Tverberg point being (2) the intersection point of d partition blocks of exactly d points each. We have not found any (uncolored) example having both properties at the same time. Assuming that the colored Tverberg point is one of the vertices of ∆ N leads to a lower bound of 8 · 3 r−7 resp. 2 r−d−2 for sufficiently large r. For further remarks, see our discussion based on computations in Section 4.
In Section 2 we prove Theorem 2, and Theorem 3 in Section 3.
Proof of Theorem 2
Property (ii) is an easy exercise. We first prove Property (i) inductively; here the key part is the base case k = d + 2. In a second step, we show that Property (i) implies Properties (iii) and (iv). We will use an approach similar to the uncolored case in [6] : One of our points will be moved while all the others remain fixed. During this moving process, we will keep track of the parity for the number of colored Birch partitions.
In the following, we assume d ≥ 2. Let k ≥ 2, fix p to be the origin o ∈ R d , and assume without restriction that all k(d+1) colored points of X are on the unit sphere
If all points lie in the northern hemisphere of S d−1 , then cBP k (X) = 0, as the origin is not in the convex hull of X. Below we do the following: We move one colored point q while fixing all others. It is sufficient to show that the parity of cBP k (X) does not change during this.
Let q be a point of X. Instead of looking at q, we follow its antipode −q as for any d-element subset S ⊂ X \ {q}, one has:
From now on, we restrict ourselves to d-element subsets S ⊂ X such that S ∪{q} is rainbow. Every d-element subset S defines a cone in R d , all these cones decompose the sphere S d−1 ⊂ R d into cells. As long as −q moves inside one of these cells, cBP k (X) does not change. At some point, we are forced to move −q from one cell to another. At that point cBP k (X) might change. A boundary hyperplane of a cell is defined through a (d − 1)-element subset H ⊂ S.
Our moving procedure can be chosen so that our cell decomposition is nice, and that −q crosses a boundary hyperplane of the cell in a transversal way. Before looking at colored Birch partitions, let's look at the set A of all rainbow d-simplices containing the origin. If −q crosses a hyperplane defined through a subset H, then A might change. Let H = H ∪ {q}. For all colored simplices that do not contain H as a face, nothing changes. For the other simplices ∆ the following property switches:
o ∈ conv(∆) before the crossing. ⇐⇒ o ∈ conv(∆) afterwards.
(
A colored Birch partition of X consists of k disjoint rainbow d-simplices containing the origin. If −q crosses a hyperplane defined through H ⊂ X, then some colored Birch partitions vanish, and new colored Birch partitions come up. In fact, all Birch partitions, that include a simplex ∆, H ⊂ ∆, which contains the origin before the crossing, vanish. The new ones include a simplex ∆, H ⊂ ∆, which contains the origin after the crossing, but only if X \ ∆ admits a colored Birch partition into k − 1 partition blocks.
In our proof, we need a special case of Deza et al. [4, Theorem 3 .5] which we reprove to make the reader familiar with the argument used below. Let k = d + 2, and X be our set of (d + 1)(d + 2) colored points. We will repeat the following step d times, and then we will finally apply Lemma 4 to complete our proof.
Step 1: Let q be a point of X, and the boundary hyperplane -that is crossed transversally -be spanned by a rainbow set H 1 . Assume without restriction that in 
Here, the set X 1 = X \ H 1 consists of (d + 1) 
Let q i be a point of X i−1 , and the boundary hyperplane -that is crossed transversally -be spanned by a subset H i of X i−1 such that G i = H i ∪ {q i } is rainbow. We distinguish two cases:
In Case (i,1), we show that a pairing for the colored Birch partitions shows up: For every point r ∈ C ∪ {s 1 , s 2 , . . . , s i−1 , r}) ) . Hence, it is sufficient for Case (i,2) to show that all these contributions sum up to an even number:
where
Step i reduces our original problem in the following way: The parameter k = d + 3 − i is reduced by 1 to k = d − 2 + i, and the number of points is reduced by d. 
For this, let q d+1 be a point of X d , and the boundary hyperplane -that is crossed transversally -be spanned by a subset H d+1 of X d such that G d+1 = H d+1 ∪ {q d+1 } is rainbow. We distinguish to cases
In Case (d+1,1), a pairing shows up as in the previous steps. Analogously, Case (d+1,2) reduces to the statement of Lemma 4.
Proof of Property (i) implies Properties (iii) and (iv
via an induction on k ≥ d + 2. This settles Property (iv). Property (i) implies the base case k = d + 2:
Let now k ≥ d + 3, and be cBP k (X) > 0. Then there is a colored Birch partition B 1 , B 2 , . . . , B k of X. For 1 ≤ i ≤ k, let x i be the point of color 0 such that x i ∈ B i . Note that for any non-empty subset I of the index set [k], the set i∈I B i has again a colored Birch partition.
Using the base case for i∈ [4] B i , we obtain a second colored Birch partition B 1 , B 2 , B 3 , B 4 such that x i ∈ B i for all i ∈ [4] . Without loss of generality, we can assume B 1 = B 1 . Applying the assumption to the set X \ B 1 , we obtain at least 2 k−d−2 colored Birch partitions of X starting with B 1 . Finally, applying the assumption to the set X \ B 1 , we obtain again at least 2 k−d−2 Birch partitions of X starting with B 1 . The construction of the sets B 1 and B 1 leads to the factor of 2.
To prove Property (iii), we show in the two subsequent paragraphs that a third set B 1 can be constructed for d = 2, and k ≥ 7 so that all three sets a) contain a fixed point x, and b) are pairwise distinct. Therefore, the factor 3 shows up in the lower bound for d = 2 and k ≥ 7.
For x 1 ∈ B 1 , the set B 1 can be constructed as above. Now B 1 contains a point y = x 1 that is not in B 1 , and without loss of generality we can assume y ∈ B 2 . Therefore B 2 = B 2 . The set {4, 5, 6, 7} has 1. In Theorem 3, the assumption r prime is needed for the existence of at least one partition. Alternatively, r arbitrary and T (f ) > 0 are sufficient conditions.
2. Any lower bound on the number of colored Tverberg points for a given map f improves our lower bounds for the number of colored Tverberg partitions by the factor of .
Remarks
Let us conclude this paper with a discussion on lower bounds for the number of colored Tverberg partitions in the setting of Theorem 1. The table below Linda Kleist [7] who wrote her bachelor thesis under the supervision of Ziegler studied colored point configurations for r ≤ 6, and d = 2: The vertices of a regular 3(r-1)-gon plus its center point. Minimizing over all colorings, this construction led to larger numbers. Her results are shown below.
While experimenting with randomly placed colored points in the plane, we obtained minimal numbers shown in the table below. Looking at 100000 examples for r = 5 has led to five colored sets with 10 colored Tverberg partitions. These minimal examples have several Tverberg points: One of the points of X, and intersection points of two segments. These examples kept us from coming up with a conjecture for the number of colored Tverberg partitions based on the Sierksma configuration, and the coloring from above.
The last column of our table shows the lower bound of Theorem 3. The lower bound is shown in brackets for r non-prime. In that case, the additional assumption T (f ) > 0 is needed. 
In conclusion, the table suggests 1) that finding minimal colored configurations is not easy, 2) that looking at random configurations fails for r > 6, and 3) that our lower bound is not tight.
